Areas of Lunes
The purpose of this article is to amplify a particular topic which is briefly mentioned in an account [I] I have compiled after ten years of teaching ten-year-old schoolchildren at Bisham Primary School. It is also appropriate for older pupils and mathematicians.
The hypotenuse (of length c) of any right-angled triangle is a diameter of a circle which circumscribes that triangle, because the angle in a semicircle is a right angle. Two more circles can be drawn using the shorter sides of the triangle as diameters, with lengths a and b (say). This construction creates two tunes outside the starting circle. The boundary of each lune is a pair of circular arcs. In each pair, one arc is a semicircle and the other is smaller than a semicircle. Thus each external lune (external to the starting circle) looks like a crescent Moon. (The word lune is derived from the Latin word for the Moon.)
In Figures 1 to 4 six different regions are of particular interest. The regions are labelled with the letters 0 (the 'starting circle'), P and Q (the 'internal lunes'), R and S (the 'external lunes'), and T (a right-angled triangle whose hypotenuse is the diameter of the starting circle 0). (I am grateful to Jacqueline Sewell for providing the graphics.)
The area of the triangle T is !ab (= T, say). The areas of the two external lunes Rand S are 17r(~)2-a (= R, say) and !.7r(~)2-13 (= S, say), where a and 13 are the areas of those interior parts of the starting circle bounded by sides a and b of the triangle, respectively. Hence However, we can also observe that the construction of the two circles on the shorter sides of the triangle as their diameters also has the effect of creating two more lunes P and Q, which are interior to the starting circle, and which overlap each other. A new question arises, which I have not seen before. What can we say about the areas of these two intemal lunes? The answer to this is as follows.
Theorem 2: The sum of the areas of the two intemal (and overlapping) lunes is equal to the whole area within the starting circle plus the area of the rightangled triangle based on its diameter. In terms of the letters as areas:
Areas of overlapping regions are counted twice, as the wording suggests.
The proof is as follows. With P and Q as the areas of the intemallunes, and with the previous a and B, we see that 848 Adding these two equations gives P + Q = lr (~)2 + tab as required.
My research (Ph.D.) supervisor at Nottingham University over 50 years ago, the late Professor Rodney Hill F.R.S., once told me that one should be thinking about one's research problem 'all the time, even in the bath'. He was influential. I was reminded of this when, with little further preparation, the following extrapolation of the foregoing lune geometry came to me in the middle of the night.
Theorem 3 (The 3.10 a.m, Theorem): The area of the starting circle is the combined areas of the two intemal lunes minus the combined areas of the two extemallunes. That is, 0 = (P + Q) -(R + S).
The right-angled triangle which began this investigation is not mentioned explicitly in Theorem 3. Mathematics Masterclassesfor Ten-Year-Olds, (2012 + n = 6 has been given several proofs by various authors [1, 2, 3, 4] . The present note offers an entirely different approach. Moreover it also readily reveals the significance of 6 appearing in the formula.
Let C; denote the n x n x n cubical brick structure (the diagram is for n = 6) and Sn denote the n x n x n cubical shell (i.e. the structure containing only the 'outer' unit cubes of Cn). It is easy to see that C2 == S2 and that C2n is the umon of S2n-2, S2n-4, ... , S2. Let Icnl denote the total number of unit-cubes in Cn and ISnldenote the total number of unit-cubes in Sn. Clearly Icnl = n
